It is shown that the N-dark soliton solutions of the integrable discrete nonlinear Schrödinger (IDNLS) equation are given in terms of the Casorati determinant. The conditions for reduction, complex conjugacy and regularity for the Casorati determinant solution are also given explicitly. The relationship between the IDNLS and the relativistic Toda lattice is discussed.
Introduction
The nonlinear Schrödinger (NLS) equation,
is one of most important soliton equations in mathematics and physics. The study of discrete analogues of the NLS equation has received considerable attention recently from both physical and mathematical point of view. 1, 2 The integrable discrete nonlinear Schrödinger (IDNLS) equation is given by i dψ n dt = ψ n+1 + ψ n−1 + α|ψ n | 2 (ψ n+1 + ψ n−1 ) .
2)
The IDNLS equation was originally derived by Ablowitz and Ladik using the Lax formulation. 1, 3, 4 Thus the IDNLS equation is often called the Ablowitz-Ladik lattice.
The IDNLS equation can be bilinearized into
3)
It is well known that the NLS equation with defocusing parameter (α < 0) has dark soliton solutions. It is easily confirmed that there is a stationary dark soliton solution ψ n = exp(−2it sech 2 (k)) tanh(k) √ −α tanh(kn) (1.5) by the direct substitution of an ansatz of stationary solution into eq.(1.2). Understanding various properties of dark solitons in discrete lattices is important from physical point of view. [11] [12] [13] There are analytical results of the IDNLS equation under non-vanishing boundary condition using the perturbative Hirota method by Narita 14 and inverse scattering theory by Vekslerchik and Konotop. 15 However, the detailed anayisis of the solution and understanding the role of a lattice space parameter in the Ndark soliton solutions are missing in their results. In ref. 15 , a determinant expression of dark soliton solutions is given, however for their boundary condition there is no carrier wave of the dark soliton.
Besides this is a Grammian type determinant solution. The Casorati determinant solution which is well-known in discrete integrable systems is missing.
The relationship between the IDNLS and relativistic Toda lattice (RTL) equation was also pointed out by several authors. 10, 16, 17 An interesting open problem was given in conclusion in ref. of the above open problem. In this article, we give an explicit formula of the dark soliton solutions. It is known that the dark soliton solutions for NLS are written in terms of Wronski determinants. We show that the solution for IDNLS is given in the Casorati determinant form which is a discrete analogue of the Wronskian.
This paper is organized as follows. In the next section, we discuss about the gauge transformation and bilinearization of IDNLS equation. In §3, we give bilinear identities for Casorati determinant both for the Bäcklund transformation of Toda lattice and the discrete 2-dimensional Toda lattice equation.
In §4, we perform a reduction of the Casorati determinant which derives the bilinear form for IDNLS given in §2. The complex conjugate condition is considered in §5. In §6, we give examples of dark soliton solutions. We also clarify the relationship between the IDNLS and the relativistic Toda lattice in the final section.
Gauge Transformation of IDNLS
First of all, we should examine the transformation of IDNLS equation by gauge. Applying the gauge transformation,
thus we can scale |α| by using the amplitude A. To obtain the dark soliton solutions, we set α = −(a 2 − 1)/a 2 , (a > 1). We also scale t by t → a 2 t, then the IDNLS eq. (1.2) can be bilinearized into
through the dependent variable transformation,
where F n is a real function, G n is a complex function and G * n is its complex conjugate. The above gauge factor exp(i(θn − ωt)) is nothing but the carrier wave of the dark soliton, and essentially u n = G n /F n gives the envelope of the soliton solution. In the context of NLS, in order to construct physical solutions, it is more convenient to consider the above bilinear form than the one in 
Bilinear Identities for Casorati Determinant

Bäcklund transformation of Toda lattice
We have the bilinear forms for Bäcklund Transformation (BT) of Toda lattice (TL) equation,
where a and b are constants.
Consider the following Casorati determinant solution,
where ϕ (n)
i 's are arbitrary functions of two continuous independent variables, x and y, and two discrete ones, k and l, which satisfy the dispersion relations,
Here ∆ k and ∆ l are the backward difference operators with difference intervals a and b, defined by
For simplicity we introduce a convenient notation,
In this notation, the solution for BT of TL, τ n (k, l) in eq. (3.3), is rewritten as 11) or suppressing the index k and l, we simply write as
We show that the above τ n (k, l) actually satisfies the bilinear eqs. (3.1) and (3.2) by using the Laplace expansion technique. 19, 20 At first we investigate the difference formula for τ. From eq. (3.6)
we have
Noticing this relation, we get
where we have subtracted the 2nd column multiplied by a from the 1st column,
where we have subtracted the 3rd column multiplied by a from the 2nd column,
that is,
Moreover in eq. (3.13), multiplying the N-th column by a and adding the (N − 1)-th column to the N-th column, we get
Differentiating eq.(3.14) with x and using eq.(3.4) we obtain
We have also
In short, we write
Let us introduce an identity for 2N × 2N determinant,
Applying the Laplace expansion to the left-hand side, we obtain the algebraic bilinear identity for determinants,
which is rewritten by using eqs. (3.17)- (3.20) , into the differential bilinear equation,
This equation is equal to eq. (3.1).
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Similarly we obtain
because the role of y, l and b is parallel to that of x, k and a except that the ordering of index n is reversed. The above equation is equal to eq. (3.2). Hence we have proved that the Casorati determinant τ n (k, l) in eq. (3.3) gives the solution for the BT of TL equation.
Discrete 2-dimensional Toda lattice
Using the Casoratian technique, we show that the bilinear form of discrete 2-dimensional Toda lattice (D2DTL) equation,
is also satisfied by the Casorati determinant.
Let us further examine the difference formula for the Casorati determinant τ n in eq. (3.3). Similarly to eqs. (3.17) and (3.18), we have
Thus τ n (k + 1, l + 1) is given by
In the following we show that the shifts of index k is condensed into only the right-most column of the determinant. From eqs. (3.6) and (3.7), ϕ
which is rewritten as
(3.28)
Therefore multiplying the both hand sides of eq. (3.25) by (1 − ab) and rewriting the 1st column of the determinant by the use of eq. (3.28), we obtain
The second term in r.h.s. vanishes because its 1st and 2nd columns are the same. So we get
In the above determinant, by subtracting the ( j + 1)-th column multiplied by a from the j-th column
As is shown, even if the two variables k and l are shifted, τ n is also expressed in the determinant form whose columns are almost unchanged and only edges are varied. Thus we can use the Laplace expansion technique.
We consider an identity for 2N × 2N determinant,
By the Laplace expansion, we have
Using eqs. (3.17), (3.18), (3.23), (3.24) and (3.31), we obtain from eq. (3.32), For example, we can take ϕ
where p i , q i and ξ i0 , η i0 are arbitrary constants which correspond to the wave numbers and phase parameters of solitons, respectively. It can easily be seen that ϕ 
Reduction to IDNLS
In this section, we give the reduction technique in order to derive the IDNLS equation from the system of BT of TL and D2DTL. In eq. (3.34), we apply a condition for the wave numbers,
Then we get
and thus
On this condition, ϕ
Hence we obtain 
Here we may drop l-dependence, thus for simplicity we take l = 0 hereafter. Equation (4.8) is nothing but the bilinear form of the discrete one-dimensional TL equation.
Let us substitute
where c and d are constants. Then we have 10) and from the bilinear eqs. (4.6) and (4.7), we get
The Casorati determinant solution of eqs. (4.11) and (4.8) (with l = 0) is given by
Here p i and q i are related by eq. (4.1).
By defining
from eqs. (4.8) and (4.11), we obtain the bilinear form of IDNLS equation,
13)
14)
By using the dependent variable transformation,
the above bilinear equations are transformed into
Complex Conjugate Condition
In order to take v n to be the complex conjugate of u n , we need to restrict f n as real and h n as the complex conjugate of g n up to gauge freedom. Moreover to take u n to be regular (i.e., u n not to diverge for real t), we need f n = 0 for real t. In this section, we give the conditions for the complex conjugacy and regularity for the Casorati determinant solution.
Firstly we take
for simplicity, and next we take a > 1 .
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Then the conditions for complex conjugate are given as follows: 
for real t.
Now we summarize the final result of the Casorati determinant solution for IDNLS equation. The bilinear form of IDNLS equation is given as
where a > 1 and t is real. The Casorati determinant solution for the above bilinear equations is given
where r i is a complex parameter of absolute value 1 and ξ i0 is an arbitrary complex parameter.
This Casorati determinant solution gives the N-dark soliton solution for IDNLS equation. r i and ξ i0
parametrize the wave number and phase constant of i-th soliton, respectively.
After a straightforward and tedious calculation of expanding the determinants, f n , g n and h n can be expressed in an explicit way as follows:
where G is the gauge factor defined by
and F n , G n and H n are given as
A proof of the above expression is given in appendix B. Now it is clear that F n is real and H n = G * n , thus v n is the complex conjugate of u n up to multiplication factor. Moreover since F n > 1, the regularity of u n is also satisfied.
From the bilinear eqs. (5.4)-(5.6), and the gauge transformation (5.10), the above F n and G n satisfy the bilinear equations,
Let us take
where θ is a real parameter. By the variable transformation, 
where
we finally obtain the IDNLS equation,
Thus we have completed the proof that the N-dark soliton solutions for the IDNLS equation are given in terms of the Casorati determinant. Here we remark that a parameter a is related to a lattice space parameter δ = 1/a (< 1). Using a lattice parameter δ, we can rewrite the IDNLS equation (5.16) into
We see that the IDNLS equation is defocusing whenever a lattice parameter δ is smaller than 1. When δ = 1, the IDNLS equation reduces to a linear equation. When δ > 1, i.e. a < 1, the IDNLS equation is focusing. In this case, above single component Casorati determinant solution does not satisfy the conditions for complex conjugacy (unless we admit singular solutions). However, our Casorati determinant form can be extended into the case of the focusing IDNLS equation. This is corresponding to the homoclinic orbit solution of the IDNLS equation. The detail will be discussed in elsewhere.
Soliton Solutions
In this section we give examples of dark soliton solutions for the IDNLS equation. By taking N = 1 in eqs. (5.11) and (5.12), we get the 1-soliton solution for the IDNLS eq. (5.16),
where θ is a real parameter and
By rewriting as p 1 = p exp(iθ) and r 1 = r exp(iθ), we get a slightly simpler expression,
Here arg(r) parametrizes the wave number of soliton, and ℜ(ξ 0 ) gives the phase constant which parametrizes the position of soliton. Figure 1 shows a stationary 1-dark (black) soliton. When a (> 1)
is getting closer to 1, the width of a dip is getting wider. Figures 2 and 3 show travelling 1-dark (gray and black) solitons.
Here we should comment about the difference of travelling velocity between black and gray solitons. In the continuous case, the NLS equation (1.1) is invariant under the gauge and Galilean transformations,
thus the travelling velocity of any solution can be shifted by 2k by using the above transformation.
If we normalize the freedom of Galilean transformation by requiring that the carrier wave disappears 
where Here the carrier wave of the dark soliton solution is given by the exponential factor, exp(i(θn − 2t cos θ)). Figure 4 shows 2-dark soliton interaction.
Concluding Remarks
We 
thus we obtain
The prefactor of above summation gives the gauge factor in eq. (5.10), and from the summation part, 
18/19
